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Abstract. The paper deals with the position stabilization problem of the inertia
wheel pendulum using a nonlinear Ho, controller via position measurements for
feedback. The main objective was to stabilize the pendulum at the up-right po-
sition in spite of the external disturbances. A local Heo controller is derived by
means of a certain perturbation of the differential Riccati equations that appear
while solving the corresponding Hoo-control problem for the linearized system.
Since the initial conditions were far from the region of attraction of the desired
equilibrium point, we construct a hybrid controller consisting of the swing-up
control and the stabilization part. The performance of the proposed controller,
applied to a perturbed academic wheel pendulum, was verified by simulations.
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1 Introduction

The inertia wheel pendulum (IWP) is a nonlinear systems typically used to emulate
postural sway such as bipedal walking motion, rocket thrust, the segway human trans-
porter, and can be used to investigate research issues in control, autonomous navigation,
group coordination, and other issues. One critical and interesting problem of the IWP is
the stabilization of pendulum at the upright position because the open-loop equilibrium
point is unstable and the closed-loop system can be sensitive to unmatched disturbances.

Nonlinear H.-control [1-3] is a tool to solve robust control problems and it has
been successfully applied, among others, on the control of robot manipulators [4], un-
deractuated mechanical systems [5], coil-power units [6], hard-disk drive servo systems
[7], and hydraulic systems [8].

There are several local controllers design in the literature to stabilize the inertia
wheel pendulum. For example, Ye et al. [9] proposed a backstepping technique for
non-linear cascade systems whose driven subsystems have a feed-forward structure and
include higher order terms. In their proposal, a small control is first assigned to sta-
bilize the driven subsystem, and a simple backstepping procedure is then followed.
Lépez-Martinez et al. [10] considered a variable structure controller using a nonlinear
sliding mode surface to deal with disturbances in the IWP. Recently, Turker et al. [11]
developed an alternative stabilization procedure for a class of two degree-of-freedom
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under-actuated mechanical systems based on a sct of transformations and a Lyapunov
function.

The main objective of the paper is to design a o controller to stabilize the pen-
dulum at the up-right position in spite of the external disturbances. Since the initial
conditions were far from the region of attraction of the desired equilibrium point, we
construct a hybrid controller consisting of the swing-up control and the stabilization
part. For the swing-up control, it is proposed a desired periodic trajectory where a non-
linear Hoo-control for time-varying systems, taken from [3], drives the pendulum to
the region of attraction of the desired equilibrium point. For the stabilization part, we
linearize the model around that equilibrium point where a linear Hoo-control for au-
tonomous systems, taken from [2], is applied to stabilize the pendulum.

The paper is organized as follows. The dynamic model and control objective are
given in Section 2. Section 3 provides background material on output-feedback non-
linear Hoo-control for autonomous and non-autonomous systems. The nonlinear Hoo-
control for swing-up and stabilization of the inertia wheel pendulum are designed in
Section 4. Numerical simulations are presented in Section 5. Finally, conclusions are
provided in Section 6.

2 Dynamic model

Dynamics of an inertia wheel pendulum, taken from [12], can be described as follows:

I 4-ds & 1§ mgsin(q)| _
[ I Jr] [q;] + [ = ] = B(7 +wy) (1)
J

where q;(t) € R is the angle of the pendulum, ¢2(¢) € R is the angle of the disk (see
Fig. 1), 7(t) € R is the control input, ¢ € R is the time, w; (t) € R is the unknown
disturbance vector which is assumed square integrable over infinite-time (belongs to
L5), J is the inertia matrix which is definite positive, and B = [0, 1]7. In the above
equation of motion, J, = m, 12, + myl} + J, and m = mylc; + mely where m, is the
mass of the pendulum, ms is thic mass of the wheel, [, is the length of the pendulum,
lc1 is the distance to the center of mass of the pendulum, J), is the moment of inertia of
the pendulum, and J;. is the moment of inertia of the whecl.

The control objective pursued in this paper is to asymptotically stabilize the angle
of the pendulum g, in the upper position set-point, that is,

. _ s 2

Jim lq,(t) —=f| =0 @)

starting from the initial condition g;(0) = q2(0) = §1(0) = ¢2(0) = O in spite of the

external disturbances w,(t) € R. The position of the wheel and the pendulum are the

only measurements available for feedback and these measurements are corrupted by the
vector wy (t) € R2.
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Fig. 1. Schematic representation of the inertia wheel pendulum.
3 Preliminaries

~ The present study focuses on a nonautonomous nonlinear system of the form

& = f(z,t) + g1(z, t)w + g2(z, t)u (3)
z = hy(z,t) + ki2(z, t)u @)
Y= hg(.'r,t) + k21($,t)w (5)

where z(t) € R™ is the state-space vector, u(t) € R™ is the control input, w(t) € R"
is the unknown disturbance, z(t) € R' is the unknown output to be controlled, and
y(t) € R? is the only available measurement on the system.

For the underlying system, the following assumptions are made throughout.

Al. The functions f(.'B,t), gl(.'L', t)’ 92(3', t)v hl(mit), h2($s t): klZ(x,t)s k21 (:‘c!t) are
piecewise-continuous in ¢ for all = and locally Lipschitz continuous in z for all £.

A2. f(0,t) =0, hy(0,t) = 0, and h2(0,t) = O for all ¢.

A3.

hr{(x: t)kip(2,t) =0, kﬂ(z,t)km(a:, t)=1I
ko, (z,8)97 (2,t) = 0, koy(z,t)k3, (z,t) = I. (6)
These assumptions are made for technical reasons (cf. [13]).
The Hoo-control problem in question is stated as follows. Given the system repre-

sentation (3)~(5) and a real number 7 > 0, it required to find (if any) a causal dynamic
output-feedback compensator

u=K(E L), E=F@yt) @



50 Adrisn Gémez and Luis T. Aguilar

with internal state £ € R?, such that the undisturbed closed-loop system is uniformly
asymptotically stable around the origin and its £z gain less than « if the response 2,
resulting from w for initial state z(¢o) = 0 (and £(¢o) = 0), satisfies

[ : Ly ;
[ =01 de<? [ o ®

lo 0

for all {; > to and all piecewise-continuous funclions w(t) = [w; wy]T. In turn, a
locally admissible controller (7) constitutes a local solution of the 7{s5-control problem
if there exists a ncighborhood U of the equilibrium such that inequality (8) is satisfied
forall ¢, > o and all piecewise-continuous functions w(t) for which the state trajectory
of the corresponding closed-loop system, starting from the initial point (o) = 0 (and
&(to) = 0), remains in U for all ¢ € [to, t1].

Under Assumptions A 1-A3, coupled together, the corresponding Hamilton—Jacobi-
Isaacs inequalitics are subsequently linearized and a local solution of the 7{co-control
problem is then obtained. The development involves the linear ‘Hoo-control problem for

the system
&= A(t)x+ D,(Y)w+ Dy(t)u
z=C(t)x+ Dya(t)u )]
Y= Cg(t)'l: + Dgl(t)w

where
A(t) = %(Olt)! Bl(t) = gl(oit)! B‘.’.(l) = y-_:(O, t)s Cl(t) = '(3)_11_1(03 £)1 “0)
Co(t) = 22(0,1), Dis(t) = k12(0,2), Das(2) = ka1 (0, 2).

_0.1:

The following conditions are necessary and sufficient for a solution of the problem to
exist:

C1. The equation

L 1’(t)A(l)+AT(l)P(t)+CT(!)CI(l)-I-J’(!)[%—BIB}"—Bzﬂ;r](t)l’(t) (an

possesses a uniformly bounded positive semidefinite symmetric solution P(¢) such that
the system

i=[A — (B,BT — 472D, BT)P)(t)x(t) (12)

is exponentially stable.
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(C2. Being specified with A;(t) = A(t) + 32 B,(¢) B{ () P(t), the equation

= Ai()2(t) + Z()AT(¢) + B, (&) BT (t) + Z(t)[‘::’g'PBng'P — T C,I(1)2(),
(13)

© possesses a uniformly bounded positive semidefinite symmetric solution Z (t), such that
the system '

= [A1 — Z(CTC, — v 2PB,B] P)|(t)z(t) (14)

is exponentially stable.
According to the time-varying strict bounded real lemma [14, p. 295], Conditions
C1 and C2 ensure that there exists a positive constant &g such that the system of the

- perturbed Riccati equations

—P. = P0AW) + AT@)P.() + P[5 B BT ~ BaEFIOPL(0)

. +CT(t)C1(t) + €I, (15)
Ze = A (t)Ze(t) + Z: () AT (t) + ze(t)[;%PeBzB;-" P. — C3 Cy)(t) Zc(t)
+ B, ()BT (t) +eI . (16)

has a unique unifoﬁnly bounded, positive definite symmetric solution (Pe(t), Ze(2))
~ for each € € (0,g) where A.(t) = A(t) + ;1731(t)3f‘(t)Pe(t)- Equations (15) and
.(16) are now utilized to derive a local solution of the Ho-control problem for system

3)-5).

Theorem 1. Consider system (3)~(5) with Assumptions AI-A3. Let Conditions C1 and
C2 be satisfied with a certain v > 0 and let (Pe(2), Z(t)) be a uniformly bounded
positive definite symmetric solution of (15), (16) under some € > 0. Then, the causal
dynamic output-feedback compensator

&= 16,0+ 50,6 00T (6.1 — 926 )08 € OIPLL06

+ Z(t)CF (t)[y(2) — ha(&, 1)), a7
u=—g;z (§)Pe(t)€ (18)

is a local solution of the Hoo-control problem with the disturbance attenuation level 7.

In the autonomous case, the DREs (11), (13) degenerate to the algebraic Riccati
equations by setting P = 0, Z = 0 and conditions C1 and C? are simplified to

C1". the equation

. 1
PA+ATP+CTC + P[?BIB}" —~ 1323;"]_13 =0 (19)
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possesses a positive semidefinite symmetric solution P such that the matrix A —
(By B — v~2B, BT)P has all eigenvalues with negative real part;
C2". being specified with A; = A + =y B, B P, the equation

A1Z+ZAT + B,BT + Z[:rl—zszBzTP _CTC)Z=0,  (20)

possesses a positive semidefinite symmetric solution Z such that the matrix A4, —
Z(CTC, — v~2PB, BT P) has all eigenvalues with negative real part.

Conditions C1” and C2" are known from [1] to be necessary and sufficient for a so-
lution of the linear ?,-control problem for the time-invariant version of system (9)
to exist. According to the strict bounded real lemma, Conditions C1” and C2" ensure
that there exists a positive constant o such that the system of the perturbed algebraic
Riccati equations

P.A+ATP. +CTC, + Pe[%BlB'f _ B,BT|P. + ¢l =0, Q1)
A:Z.+ Z.AT 4+ B, BT + Ze[;lz—PeBng'Ps —CTCyZe +el=0 (22)

has a unique positive definite symmetric solution ( Pk, Z.) for each € € (0,&o) where
A=A+ ?I;BIB'{PE. Based on this solution a time-invariant H.. controller is con-
structed as follows.

Theorem 2. Let conditions C1" and C2" be satisfied for system (3)-—(5 ) which is as-
sumed to be time-invariant and let (P, Z.) be a positive definite symmetric solution of
~ (21), (22) under some € > 0. Then the time-invariant output-feedback

E=F(¢)+ [%g;(e)gf(e) - m(&)g%‘(&)] Pt + zec;*"_ [y — h2(8), (23)
u=—gz (€)Pef 4

is a local solution of the H -control problem in the autonomous case.

4 Nonlinear H .-control synthesis

4.1 Swing-up control
The role of the swing-up control is to drive the pendulum inside the region of attraction

of the desired equilibrium point [¢§ g5 4§ ¢§]” = [x000]7". For this purpose, let us follow
the line of reasoning of Orlov et al. [15] where the modified Van der Pol oscillator

+2
| fid+a[(43+%) -'Pﬁ} Ga+p%a=0, a,p,p>0 25)
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was used to generate a periodic reference trajectory for the pendulum. Here, g4(¢) € R
stand for the desired periodic trajectory, the parameter p, controls the amplitude of the
limit cycle, u control its frequency, and o controls the speed of the limit cycle transient.

For the synthesis of the H, tracking controller, consider the state-space vector
T = [z; 23)T where z; = ¢; — g4 and z3 = §; — ga. Then (1), represented in terms of
the state-space vector, takes the form

.'1.:1 = I3

. N - 26
T3 = —-J;lh sin(z1 + qa) — Ga — J, L, — Ja_l'r_, (26)
where h = mg. It should be pointed out that it is assumed that velocity of the wheel g,
* remains bounded for all £ € [0,t,) where t, is the transition instant between the swing-
up controller and the stabilizing controller. The objective is to design a controller of the
form

T = —Ja(dy + J;  hsin(q1) + u) | 27)

that imposes on the disturbance-free manipulator motion desired stability properties
around gq(t) while also locally attenuating the effect of the disturbances. Thus, the
controller to be constructed consists of the trajectory feedforward compensator and a
disturbance attenuator (t); internally stabilizing the closed-loop system around the
desired trajectory.

In the sequel, we confine our design objective to position-control where

1. The output to be controlled is given by
52 |
z= [ p:r1] (28)

with a positive weight coefficient p, and
- 2. The position of the wheel and the pendulum are the only measurements available
for feedback and these measurements are corrupted by the vector wy (t) € R?, that
is, ‘ -
z +
y= [‘ ""] +wy(t). (29)

I3

The system (26)—(29) can be specified as in (3)~(5) with

r@=[2], @=L %00, ae=[_ 0],

i) = -0}, km(x)=H [ ] Faa(z) = [Oaxa Jo]

Pz

(30)

Hereinafter, I, and 0,,x stand for the n x n identity matrix and the n X m matrix
of zeros, respectively. Thus, a solution to the H, output tracking controller synthesis
involves the standard linear Hoo-control problem for the nonautonomous linearized
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system (9) where matrices (10) are explicitly given by

0 1] 0 00 0
A= -00- ) B1= [___Ja—l 00] ) B2= [_Ja_l] )

Cl = 00 ’ .D12 = [1] ) 02 = [I2 02)(2] ) D21 — [()‘2“:l I2] *

p 0- 0

€)Y

Finally, by applying Theorem 1 subject to (30) and (31), the Hoo-control problem is
solved. '

- 4.2 Stabilization control

For this stage, the nonlinear system (1) will be linearized around the desired equilibrium
point therefore, the control input 7 will be injected from the ‘H o-control (24) without
nonlinear compensation terms, that is, 7 = u. Now, consider the state-space vector
z = [z zp 73 74)T Where 7y = @, — T, To = g2, T3 = d1, and T4 = ga. Then (1),
represented in terms of the state-space vector, takes the form

.’f:l =1I3
Ty = T4
t3 = —J  hsin(zy +7) — J7wy — I

&4 = J  hsin(zy + 1) + (I + I7wy + (7 + T u.

(32)

- We confine our design objective to position regulation where the output to be controlled
is given by .

u |
z=|pz1| . , (33)
P2

The system (29), (32)~(33) can be specified as in (3)~(5) with

I3
— T4 | O2x1 O2x2 _ | O2x1
f(m) = —J;lhsin(:1:1+7r) y gl(m) - |:J—>1<B 02:2]1 92(3:) = [J—IB] )
| J;thsin(z; + )] |
| F i o
m@) = |pm|, k()= [Ojn], ha(z) = [;’;] () = [Oaxa I2].
| PT2

(34)

Thus, a solution to the H, output regulator synthesis involves the standard linear Hoo-
control problem for the autonomous linearized system (9) where matrices (10) are ex-
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- plicitly given by

0 010
_ 0 001 _ | O2x1 O2x2 _ | O2x1
A=1 j-thooo| Bl‘[J-lBozxg]’ Bz‘"[J"‘B]’

—J;'h000

| [01x2 O1x2 |1 B
C= | pI2 O2x2f’ Dia= O2x1 |’ Cy=[I202x1], Dag1 = [02x1 I2] -
(35)

Finally, by applying Theorem 2 subject to (34) and (35), the Hoo-control problem is
solved.

5 Simulation results

Forthcoming result were based on the laboratory inertial wheel pendulum from Mecha-
tronics Control Kit, prototype manufactured by QUANSER Inc., where J, = 4.572 x
1073, J, = 2.495 x 1075, h = 0.3544. As was specified in Section 2, the position ini-
tial conditions for the IWP were set to g; (0) = ¢2(0) = 0 [rad] whereas all the velocity
initial conditions were set to g; (0) = ¢2(t) = 0 [rad/s].

The parameters specified for the modified Van der Pol equation (25), to generate a
- periodic trajectory with amplitude |g4| = 37/4 [rad], were a = 100, p, = 37/4, and
p = 4 (see Fig. 2). The parameters p = 250, v = 10, and € = 5 were chosen for the
swing-up H controller and for H . regulator were p = 1,y = 40, and € = 0.

=1k 1

0
%Y

. Fig. 2. Phase portrait produced by the modified Van der Pol equation with parameters o = 100,
" - py=3m/4,and p = 4 initialized at g4(0) = 37 /4 and ¢a(0) = 0.
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Figure 3 provides the position, velocity, and torque of the pendulum without distur-
bances. Figure 4 shows that positions and velocities of the inertia wheel pendulum are
driven to the desired equilibrium point in spite of the external disturbances

wy = 0.1cos(2t), wy = [1 x 1073 cos(5t) 2 x 1073 cos(3t)]T . (36)

The switching between controllers occur at £; = 0.4 [s]. There were no significant dif-
ferences between Figs. 3 and 4 in terms of the overshoot. As can be seen, also, from
these Figures, is that the velocity ¢2(t) does not escape to infinity in finite time ¢, how-
ever, high velocity of the wheel is required to satisfy the control objective. New methods
for swing-up the pendulum without demanding high energy must be investigated.
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Fig. 3. Time responses of the closed-loop system.

6 Conclusions

In this paper we propose a nonlinear H-controller to solve the stabilization problem,
at the upright position, of a inertia wheel pendulum operating under uncertain condi-
tions assuming position feedback only. The proposed controller consists of the swing-
up part and the stabilization part. For the swing-up control, we proposed a Van-der-Pol
equation to generate a continuously differentiable desired periodic trajectory where the
Ho-control successfully drives the pendulum to the region of attraction of the desired
equilibrium point. Finally, the nonlinear H, regulator stabilizes the pendulum at the
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Fig. 4. Time responses of the closed-loop system.

desired position in spite of the presence of external disturbances, as was expected. The

~_ most important limitation lies in the swing-up control part where boundedness of the

velocity of the wheel must be investigated.
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